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Abstract

In this paper we report the results of a
simulation study designed to explore the ex-
tent to which the asymptotic results derived in
our companion paper are relevant in �nite sam-
ples.

1. Introduction

In our companion paper (Tchetgen et al.
2005) we introduced novel "honest" (1��) as-
ymptotic con�dence intervals for the weighted
average treatment e¤ect (WATE) of a dichoto-
mous treatment in the presence of a high di-
mensional vector X of confounding factors. In
our companion paper we studied the asymp-
totic properties of our new interval estimators.
In the current article, we complement these as-
ymptotic results with an empirical investiga-
tion of the �nite sample performance of our
new CIs for the WATE functional. In section
2, we describe the data generating mechanism
used in our simulation studies and the higher
order U � statistics that center our CIs. We
conclude with a discussion of various theoreti-
cal and practical considerations relevant for our
new methodology.
1.1 The Weighted Average Treatment

E¤ect (WATE) Functional

We observe i:i:d data (Wi; Ai; Xi) =
Oi; i = 1; :::n; from a model M (�) =
fF (O; �); � 2 �g ; where W is the outcome of
interest, A is a dichotomous exposure and X
is a d�dimensional vector of continuous covari-
ates. For a �xed scalar �; the functional of
interest is

 (�) = E� ((Y � b (X)) (A� ! (X))) (1)

where Y =W ��A; b (X) = E [Y jX] ; ! (X) =
E [AjX] = Pr (A = 1jX) : Denote the den-
sity of X by g (X) : In our simulations, we
choose � = 0; so Y = W: In Part I, we con-
sidered a model M (�) that imposed the fol-
lowing known bounds on various L1 norms in

M (�): (a:1) jb (X)j � Kb w.p.1 for some con-
stant Kb <1; (a:2) var (Y jX) � K1 w.p.1 for
some constant K1 < 1, and (a:3) there exist
��;M > 0; such that �� < g(X) < M w.p.1.
(a:4) b (�) ; ! (�) ; and g (�) belong to given
Holder balls H(�b; Cb);H(�!; C!);H(�g; Cg):
See our companion paper for the de�nition of
a Holder ball. We note that the integrated
mean squared error (MSE) and uniform er-
ror minimax rates of convergence for estimation
of a marginal density or conditional expecta-

tion h (�) 2 H(�h; Ch) are O
�
n
� �h=d

2�h=d+1

�
and

O

 �
n

logn

�� �h=d

2�h=d+1

!
; which both depend on

�h and d only through the "e¤ective" smooth-
ness exponent �h=d.

Our substantive interest is in the case in
which the dimension d of X is high (say 10 to
50) and our unknown functions live in Holder
balls with � 2 (1; 20) and c 2 (1; 20). However
it is much easier to conduct simulations with
d = 1: Therefore we used d = 1 in all simu-
lations, but chose � su¢ ciently small so that
� = �=1 in our simulations matched the ratios
�h=d of actual substantive interest. In future
work we plan to conduct simulations with d
large.

2. Simulation Design

An important result in functional analy-
sis states that a variety of functional spaces-
including Holder and Besov spaces, can be
characterized by a set of restrictions on the co-
e¢ cients of the wavelet expansion of functions
belonging to those spaces. In the following, we
show how this result may be used to construct
a function with a given holder exponent.

De�ne � (x) as the "mother" Daubechies
wavelet with Q vanishing moments (denoted
D2Q)�a function has Q vanishing moments
if
R
xj� (x) dx = 0; j = 0; ::; Q � 1; and

� (x) the corresponding scaling function ("fa-
ther" wavelet) with support [0; 2Q� 1] : For
a given function h(x); we write hrk(x) =
2r=2h (2rx� k) as the dilated (by 2r) and
translated (by k) h(x): It is well known that
f�0k (x) ; �rk(x) : r 2 Z+; k 2 Zg is a complete



orthonormal system (ONS) for L2; therefore,
any �0 (x) 2 L2 can be written

�0 (x) =
X
k2Z

�k�0k (x) +
X
r2Z+

X
k2Z

�rk�rk (x)

(2)
where �k 2 R; �rk 2 R; r 2 Z+; k 2 Z:

By Theorem 9.6 in Hardle. et al. (1997);
if (1) � (x) is q times weakly di¤erentiable and
rq� (x) is bounded; (2) 8��0 with 0 < ��0 < q
there exists a positive constant L; such that
supk j�kj � L and supr supk 2

r(��0+
1
2 ) j�rkj �

L; then �0 (x) with support R has holder ex-
ponent ��0 : Moreover, it can be shown that
the restriction �0 (x) of �0 (x) to the domain
[0; 1] lies in a Holder ball H(��0 ; C�0) where
C�0 is a non-decreasing function of L: To
de�ne functions with Holder exponent below
one, we use D6 father and mother wavelets
in (2) since D6 wavelets have Holder expo-
nent greater than one. We chose �b = �! =
� and 8k 2 Z, �k = 0; and �rk = 0
for r =2 � � f0; 3; 6; 9; 10; 16g : Given con-
stants Rb; R!; Rg, we de�ne b (�) ; ! (�) and g (�)
as: (1) b (x) = Rb

P
r2�;k 2

�r(�+0:5)�rk (x) ;

(2) h1 (x) = R!
P
r2�;k 2

�r(�+0:5)�rk (x) ; and

! (x) = max
n

eh1(x)

1+eh1(x)
; 0:1

o
; (3) g (x) /

1 + exp

(
Rg

P
r2�;k

2�r(�f+0:5)�rk (x)

)
. Next,

we sample 2n = 4000 observations Oi =
(Yi; Ai; Xi) i = 1; :::4000; from the fol-
lowing data generating mechanism: Xi �
g (x), YijXi � N

�
b (Xi) ; �

2
�
; and AijXi �

Bernoulli (! (Xi)).
In di¤erent simulation experiments we

vary Rb; Rg; �g; � over respective ranges
(1; 100) ; (1; 1:5) ; (0:125; 0:6) ; and (0:125; 0:6) :
with R! = �2: By extensive simulations, we
veri�ed that in all simulation experiments re-
ported below, conditions (a:1) � (a:3) are sat-
is�ed when we choose

(a:1) jb (X)j � Kb = 5000: (a:2)
V ar (Y jA = 1; X) � 100: (a:3) 6�3 = �g <
g (X) < Kg = 6

3:
We split the data into a training sample

(TS) fOi : i = n+ 1; :::; 2ng which is used to
estimate b; ! and g; and an analysis sample
fOi : i = 1; :::ng which we use to construct con-
�dence intervals: We now describe our estima-
tors of b; !; g which achieve the minimax rate
up to log n:

Both b (x) = E [Y jX = x] and ! (x) =
E [AjX = x] were estimated using truncated

linear least squares wavelet estimates. Fix
k� = (n= log n)

1=(1+2�) and eJ = log2 (k� � 4) ;eJ may not be a integer. Hence let

J� = I
� eJ � b eJc > 0:5� + b eJc be the near-

est integer. � (x) is the scaling func-
tion of Daubechies wavelet D6 whose cor-
responding mother wavelet has 3 vanishing
moments: eb (x) and e! (x) are linear least
squares estimates on the space spanned by
all J�-level dilated father wavelets whose sup-
port intersects [0; 1] f�J�l (x) ; l = 1; :::; k�g ;
where �J�l (x) = 2J

�=2�
�
2J

�
x� l + 5

�
:bb (x) = min(Kb;max(eb (x) ;�Kb)) and b! (x) =

min(1;max(e! (x) ; 0)) are the estimates we used
to calculate the statistics.

>From Theorem 11.3 in Gyor�. et al.
(2002) and Theorem 9.6 in Hardle. et al.
(1997),

E

Z ���bb (x)� b (x)���2 g (x) dx = O

�
n

log n

�� 2�
1+2�

E

Z
jb! (x)� ! (x)j2 g (x) dx = O

�
n

log n

�� 2�
1+2�

This convergence rate is uniform over b and !0s
Holder balls, and is the minimax rate up to
log n: Gyor�. et al. also discussed alternative
complex estimators that achieve the exact MSE
minimax rate. For simplicity, we did not use
such estimators in our simulation.eg (x) is the kernel estimator of the density
function g (x) using density function Ky (x) /�
1� x2

�3
for �1 � x � 1 and 0 otherwise,

and �xed hn = (log n=n)
1=(1+2�g) : Ky (x) is

symmetric, has bounded support and bounded
�rst two derivatives. Therefore using Theorem
2.3 in Hardle. et al. (1988), we have

sup
x2[0;1]

jeg (x)� g (x)j = OP

 �
n

log n

�� �g
1+2�g

!
:

Let bg (x) = min(eg (x) ; �g). Given the fact
g (x) is bounded below by �g; jbg (x)� g (x)j �
jeg (x)� g (x)j 8 x 2 [0; 1] : We will show later
our statistics requires bg being bounded away
from zero. We have assumed (but have no
proof) that this convergence is uniform over g0s
Holder ball:

We now describe the estimator b p;m
and its estimated variance dV ar �b p;mjb�� :



We restrict our choice of m; such that
m = 2M + 4 for some integer M >
0: With

�
�M;l�5

	m
l=1

being the set of di-
lated Mth level father wavelets of D6 whose
support intersects [0; 1] ; and �m(x) =�
�M;�4(x)pbg(x) ;

�M;�3(xpbg(x) ); :::�M;2M�1(x)pbg(x)
�T

; we set

Kbg
m (x; y) = �Tm(x)

�
Ebg ��m�Tm���1 �m(y):

By arguing as in the proof of Proposition 6
in the Appendix, one can show that Kbg

m (x; y)
satis�es conditions (a:4) � (a:7) in Sec 3.1 of
companion paper: However

�
�M;l�5

	m
l=1

is not
an ONS since those basis vectors whose sup-
port is not fully contained in [0; 1] are not or-
thonormal, e.g.,

R 1
0
�M;�4�M;�3 6= 0: However

because in our simulation m is always chosen
at least as large as sample size n, this small de-
viation from ONS is negligible as argued below.
So we de�ne eKbg

m (x; y) = �Tm(x)�m(y) and
used this as the kernel in our simulations. Let

 = Ebg ��m�Tm� : It is easy to show that 
 is
a block diagonal matrix, Diag (B1; Im�8; B2) ;
where both B1 and B2 are 4� 4 matrices with
all elements bounded. Im�8 is a identity matrix
of dimension (m� 8) : Elsewhere we verify that
using eKbg

m (x; y) rather than K
bg
m (x; y) does not

change the order of bias and variance as well as
other properties of our estimators b p;m:

De�ne b�i = Yi � bb(Xi); b�i = Ai � b!(Xi):

The construction of our estimator b p;m is com-
pleted by substituting our kernel eKbg

m (x; y) in
equations presented in Sec 3.2 in our compan-
ion paper to obtain

b 1 = Vn �b�i b�i�b 2;m = b 1 � Vn �b�i�Tm(Xi)�m(Xj)b�j�b 3;m = b 2;m
+Vn

�b�i�Tm(Xi)
�
�m(Xs)�

T
m(Xs)� I

�
�m(Xj)b�j�

In our simulations, we only consideredb 1; b 2;mopt(2); and
b 3;mopt(3): However our for-

mula for mopt (p; n), p = 2; 3; di¤ers slightly
from that in companion paper. First, for p =
2; 3; we rede�ne the estimation bias as

EBp

�b p;m� = � n

log n

�� �b
1+2�b

� �!
1+2�!

� (g�1)�g
1+2�g

where the additional log n factor re-
sults from our use of the truncated linear
least squares estimates bb (X) and b! (X) :

Additionally, we never take mopt (p; n) to
be less than the sample size n; because at
least in terms of order, this choice has no
e¤ect on variance. Therefore mopt (2) =

max

 
n; n

2
1+4� ; n2

�
n

logn

�� 4�
1+2��

2�g
1+2�g

!
;

and mopt (3) =

max

 
n; n

3
2+4� ; n1:5

�
n

logn

�� 2�
1+2��

2�g
1+2�g

!
:

Note in contrast to the recommendation in
our companion paper we chose m (p; n) equal
to (rather than greater than) mopt (p; n) so
the orders of bias and standard deviation of
the estimator b p;mopt(p) (p = 2; 3) are exactly
the same. To understand the implication of
this choice, consider the test of the true null
hypothesis H0 :  WATE = 0 that rejects
whenever the con�dence interval Cp;mopt(p)

n =b p;mopt(p) � z�=2cs:e:�b p;mopt(p)

�
does not in-

clude 0: For p 2 f2; 3g the equivalent test

statistic tp;mopt(p) =
b p;mopt(p)cs:e:�b p;mopt(p)

� has an as-
ymptotic distribution N

�
�p; 1

�
: Since the or-

der of the bias equals the order of the stan-
dard deviation; �p is determined by the ra-
tio of the constants that respectively deter-
mine the bias and standard deviation. �p will
be of O (1) under some laws in our model.
The coverage rate of the (1� �) CI Cp;mopt(p);

n

equals �
�
z1��=2 � �p

�
� �

�
z�=2 � �p

�
, which

decreases as �p deviates from 0:
In the companion paper we suggested in-

creasing the order of m (p; n) beyond that of
mopt (p; n) to make the order of the bias less
than the standard deviation. For example
we could choose m (p; n) = mopt (p; n)n

�: Al-
though asymptotically any � > 0 will work,
nonetheless at our �xed sample size of 2000;
there is no guarantee this that a given �; say
:3; will correct the poor coverage of our interval
since the bias "constant" may still dominate
the somewhat increased standard deviation.

The optimal approach would be to ob-
tain a �nite sample bound on the maxi-
mal bias under our model. Suppose we
could derive a constant Cbias; such that

Bias
�b 2;mopt(2)

�
� Cbiasn

�1 ; for all n >

1000: Then the con�dence interval b 2;mopt(2)��
z�=2cs:e:�b p;mopt(p)

�
+ Cbiasn

�1
�
will solve

the "constant" problem whenever n >
1000. Then for n > 1000; b 2;mopt(2) �



�
z�=2cs:e:�b p;mopt(p)

�
+ Cbiasn

�1
�
will be a

honest conservative �nite sample 1 � � con-
�dence interval, provided that b p;mopt(p) has
nearly converged to its normal limit by size n:
Determining Cbias as a function of the model
(and of our estimators of b; !; g) is an impor-
tant open problem. In this paper, we examine
the "constant" problem by observing the be-
havior of our point and interval estimatos as we
vary the constants Rb and Rg:

3. Results

The performance of b 1 and b p �b p;mopt(p) (p = 2; 3) are evaluated in 17
experiments with di¤erent combinations of�
�; �g; Rb; Rg

�
. R! equals �2 in all experi-

ments . In each experiment, we ran 200 monte
carlo (MC) replications. Each replication has
total sample size of 4000; equally split into
analysis and training samples. Results are pre-
sented in Tables 1 and 2. In the �rst 10 exper-
iments we �xed (Rb; Rg) = (1; 0:5) and varied�
� = �b = �!; �g

�
: In the next seven we �xed�

�; �g
�
= (0:5; 0:2) and varied (Rb; Rg). For

each experiment, we present the empirical MC
coverage rate of the nominal 90% CI Cp;mopt(p)

n ;
the absolute value of the MC mean and median
of b p; and the absolute value of the MC me-
dian of tp;mopt(p) in Table 1; and present the

square-root of the MC MSE of b p; the MC in-
terquantile range (IRQ), and the MC mean ofcs:e:�b p;mopt(p)

�
in Table 2. The asymptotic

standard error of b 1 is O �n�1=2� in all experi-
ments while that of b 2 and b 3 are O (n��2) and
O (n��3) with �2 and �3 depending on the ex-
periment. To facilitate comparison of our MC
results with our asymptotic predictions, we re-
port (i) in column "Exponent" b 2 of Table 2
2000�(�2�1=2) (�2) and (ii) in column "Expo-
nent" b 3 2000�(�3��2) (�3).

Consider now the �rst 10 experiments.
When � is larger than or equal to 0:5; all three
estimators attain their nominal coverage rate
of 90%. This result is consistent with the as-
ymptotic theory developed in our companion
paper. Although b 1 has greater bias than b 2
or b 3; it has the smallest IQR and MSE of the
three estimators. As � falls below 0.5, b 1 starts
to break down, as predicted by asymptotic the-
ory. The root-MSE and bias of b 1 increases
and its coverage falls below nominal as � de-

creases. As expected b 01s properties are not
a¤ected by �g: As � decreases from .5 to .125,b 2 and b 3 preserve nominal coverage; further
the IQR and CI length for b 2 and b 3 increase
rather dramatically when � falls below :25 to
:125; especially for �g � :2: Both results are
as predicted by asymptotic theory. In particu-
lar, for our choices of �g; the asymptotic rate of

convergence of b 3 �rst falls below n1=2 when
� falls below .25. In contrast when �g = :2; b 2
already has convergence rate slower than n1=2

when � = :25:
One striking discrepancy with the predic-

tions of asymptotic theory is that the relative
e¢ ciency of b 3 compared to b 2 is much bet-
ter than expected when �g = 0:2: For example

when � = 0:3; b 03s IQR is only 60% of b 02s
when �g = :2 but is approximately 100% when
�g = :3 or �g = :4: Asymptotic theory, how-
ever, would predict no dependence on �g: To
understand this discrepancy, we calculated the

Monte Carlo correlation between U3;3
�b�� and

U2;2

�b�� with Uj;j �b�� � Uj;j; mopt(j)

�b�� and
found it to be �0:85; which fully explained the
smaller variability of b 3: Since Uj;j �b�� is a
degenerate U-statistic under b�; U3;3 �b�� and
U2;2

�b�� are uncorrelated under b� and have a
correlation of O (kbg � gk) under the actual data
generating mechanism �: We were quite sur-
prised that our estimate was as large as �0:85.
Presumably it re�ects the facts that (i) at sam-
ple size 2000 with �g only 0:2, bg (x) estimates
g (x) poorly and (ii) bg (x) occurs in the de-
nominator of the kernel eKbg

m (x; y) and bg (x) is
rather close to zero for certain x.

Turn now to experiments 11-17 in which�
�; �g; �

�
= (0:5; 0:2; 1) :We examine the "con-

stant problem" by increasing (Rb; Rg) and
thereby increasing the radius of the smallest
Holder ball in which b and g respectively live:
Asymptotic theory predicts that the variance
of our estimators should not vary with Rb: It
is easy to prove that the actual �nite sample
bias of all three estimators should increase lin-
early with Rb: Thus, we might expect that the
MC coverage of all three CIs would fall below
nominal as Rb increased. This conjecture was
born out for b 1 but, remarkably, not for b 2 orb 3 , implying these estimators have even bet-
ter �nite sample robustness than we had reason



to suppose. How can we account for these MC
results? Turn �rst to bias and consider exper-
iments with Rg = :5: The MC median of b 1
did increase linearly. However MC medians ofb p (p = 2; 3) did not increase as Rb went from
1 to 10, only increasing �nally at Rb = 100:
Now asymptotic theory predicts the the bias ofb p (p = 2; 3) is less than that of b 1: Morever
it must be that the actual bias of b p (p = 2; 3)
for Rb of 10 or less is so small that the ap-
parent MC bias is actually not bias but sam-
pling variability. Only when Rb is 100 are the
MC medians of b 2 and b 3 accurate estimates
of the true bias. Turn next to the variance.
For all three estimators Rb enters the variance

only through E
hb�2i = E

��
Y �bb (X)�2� =

�2 + E

��
b (X)�bb (X)�2� : Asymptotic the-

ory ignores the second term and so predicts no
dependence of the variance on Rb. However,
in �nite samples, the second term will domi-
nate if Rb is large enough. In our simulations
we �nd that, for all three estimators, the IQR
did not change with Rb for Rb � 10; but that
at Rb = 100; the IQR increased by a factor of
more than 6: Once Rb is large enough that the
second term dominates, the �nite sample stan-
dard error of all three estimators will scale lin-
early with increasing Rb; exactly like the bias.
Suppose, as for b 2 and b 3 in our simulations;
the bias is much less than the standard error at
the critical value of Rb where the standard er-
ror begins to scale linearly with Rb. Then the
�nite sample coverage of the associated Wald
intervals can remain at or above the nominal
level even as Rb becomes very large.

4. Discussion/Conclusion

In this paper we have demonstrated that
the asymptotic results derived in our compan-
ion paper provide accurate guidance to �nite
sample performance, provided that "constants"
determined by the radii of our Holder balls are
not too large. We found, via simulation, that
even when these "constants" become large, in-
terval estimators based on our higher order U-
statistics can, but usual �rst order interval esti-
mators cannot, continue to cover at their nom-
inal level.
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5. Appendix

Proposition 1 Assume that conditions
(a:1) � (a:7) hold. In addition, suppose
that (a:8:1) either b!(�) 2 H(�!; C!);

bb(�) 2
H(�b; Cb) or b!(�);bb(�) 2 Lm; and bg(�) 2
H(�g; Cg), and (a:8:2) b!(�);bb(�) are L2 � risk
minimax rate optimal nonparametric esti-
mators, and bg(�) is an L1 � risk minimax
rate optimal nonparametric density estimator.
Then the following is true for p � 1 and

 2
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Proof. We restrict the proof to the WATE
model; the proof for the CAR model is essen-
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where bE (a(X)) =

R bg(X)a(X)dX and we
again used the Cauchy-Schwarz inequality. For
p = 3;

EB2 + E
�
UWATE
3;3

�b�; b ��
= E [�b;1K

g
m (X1; X2

) �!;2]

�E
h
�b;1K

bg
m (X1; X2) �!;2

i
+E

h
�b;1K

bg
m (X1; X3)K

bg
m (X3; X2) �!;2

i
�E

h
�b;1K

bg
m (X1; X2) �!;2

i
Using (a:4);

EB2 + E
�
UWATE
3;3

�b�; b ��

= E

8>><>>:
� bE � E�

2664
�b;1 � �g;3Kbg

m (X1; X3)

�
�

Kg
m (X3; X2

)
�Kbg

m (X3; X2)

�
��!;2jX1; X2

3775
9>>=>>;

� jj�b;1jjbgjj�!;1jjbgO �jj�gjj21�+ op(1)
= O

0@� log n
n

� 2�g
d+2�g

n
�
�

�b
d+2�b

+
�!

d+2�!

�1A
The proof for the general case

EBp; p > 3 is lengthy and will be re-
ported elsewhere. Next, we consider
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so that we get the desired result.
Proof. (Proposition 6 in Tchetgen et al
2005) Condition (a:4) is easily veri�ed since
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m (x; y) is a well de�ned orthogonal projec-

tion kernel in L2 (g) : For su¢ ciently "regu-
lar" wavelets (Mallat,1998), condition (a:5) is
satis�ed since by assumption (a:8) there exists
feal; l = 1; :::;mg ;such thatZ  

h(x)bg(x)1=2 � mX
l=1

eal�M;l(x)

!2
dx

= O
�
m� 2�h

d

�
so that for Kg

mh(x) =
mP
l=1

a�l �M;l(x)=
pbg(x);

Z
(h(x)�Kg

mh(x))
2
g(x)dx

=

Z 0BB@h(x)�
mP
l=1

a�l �M;l(x)pbg(x)
1CCA
2

g(x)dx

�
��������gbg
��������
1

Z  
h(x)bg(x)1=2 � mX

l=1

eal�M;l(x)

!2
dx

= O
�
m� �h

d

�
where we use the fact thatKg

m is a least squares
projection in L2(g):We proceed to prove that
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which leads to the desired result. In the
latest proof, we use the fact that by having
compact support, �M;l has overlapping sup-
port with �M;l0 if and only if jl � l0j < r, for
a constant r which only depends on the regu-
larity of the wavelet being used and therefore
is independent of m:(Mallat; 1998): Moreover,
j
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M;l(x)j = O (m) due to the dilation of

the father wavelet: Finally, we prove (a:7) :
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which leads to the desired result.



Table 1: Coverage, Mean and Median of Bias, and Median of Test Statistic across Scenarios
Coverage 100� jMean

�b p� j 100� jMedian
�b p� j 100� jMedian (tp)j�

�; �g
� b 1 b 2 b 3 b 1 b 2 b 3 b 1 b 2 b 3 b 1 b 2 b 3

(0:6; 0:2) 0:905 0:9 0:91 0:21 0:01 0:03 0:24 0:02 0:098 0:25 0:017 0:05
(0:5; 0:2) 0:89 0:9 0:95 :26 0:08 0:03 0:26 0:04 0:18 0:28 0:02 0:09
(0:3; 0:6) 0:43 0:91 0:92 1:75 0:09 0:17 1:78 0:11 0:22 1:81 0:06 0:11
(0:3; 0:4) 0:39 0:85 0:96 1:76 0:1 0:2 1:79 0:02 0:20 1:86 0:01 0:1
(0:3; 0:2) 0:475 0:9 1 :65 0:3 0:3 1:65 0:34 0:24 1:7 0:11 0:07
(0:25; 0:4) 0:1 0:91 0:96 2:85 0:15 0:46 2:8 0:26 0:46 2:81 0:11 0:16
(0:25; 0:2) 0:135 0:9 0:99 2:87 0:03 0:37 2:9 0:19 0:35 2:95 0:06 0:1�

1
8 ; 0:4

�
0 0:85 0:93 10:28 1:18 0:08 10:22 1:2 0:37 8:73 0:23 0:04�

1
8 ; 0:2

�
0 0:85 0:93 10:02 0:78 2:09 9:94 1:35 0:79 8:44 0:21 0:08�

1
8 ;

1
8

�
0 0:87 0:95 10:09 0:51 0:78 10 0:65 0:11 8:44 0:06 0:01

(Rb; Rg)
(3; 0:5) 0:76 0:89 0:92 0:79 0:15 0:07 0:75 0:13 0:04 0:81 0:07 0:01
(5; 0:5) 0:58 0:91 0:96 1:47 0:02 0:08 1:44 0:01 0:02 1:38 0 0:01
(10; 0:5) 0:29 0:93 0:95 2:77 0 0:23 2:75 0:01 0:19 2:18 0 0:06
(10; 0:75) 0:3 0:91 0:95 2:74 0:04 0:065 2:78 0:03 0:05 2:18 0:01 0:01
(10; 1) 0:31 0:92 0:93 2:67 0:08 0:39 2:69 0:13 0:21 2:16 0:05 0:08
(100; 0:5) 0:02 0:96 0:94 29:87 1:15 4:42 28 1:57 2:62 3:31 0:09 0:13
(100; 1:5) 0:18 0:91 0:81 20:99 3:87 1:76 21 3:21 7:43 2:65 0:19 0:34

Table 2: Root MSE, Interquantile Range (IQR), Exponent of Convergence Rate, and Length of
CI across Scenarios

100�
p
\MSE 100� IQR Exponent 100�Length of CI�

�; �g
� b 1 b 2 b 3 b 1 b 2 b 3 b 2 b 3 b 1 b 2 b 3

(0:6; 0:2) 0:95 1:39 1:76 1:36 1:96 2:57 1 (0:5) 1 (0:5) 0:92 1:34 1:79
(0:5; 0:2) 0:95 1:62 1:81 1:20 2:12 2:28 1 (0:5) 1 (0:5) 0:93 1:68 2:09
(0:3; 0:6) 2:03 1:66 1:86 1:44 2:46 2:68 1 (0:5) 1 (0:5) 0:96 1:71 2:07
(0:3; 0:4) 2:01 1:72 1:59 1:47 2:27 2:12 1 (0:5) 1 (0:5) 0:96 1:70 2:05
(0:3; 0:2) 1:89 3:04 2:12 1:21 4:11 2:49 1 (0:5) 1 (0:5) 0:96 3:05 3:37
(0:25; 0:4) 3:05 2:16 1:97 1:38 3:07 2:73 1 (0:5) 1 (0:5) 0:98 2:28 2:56
(0:25; 0:2) 3:05 3:03 1:88 1:26 4:23 2:81 1:2 (:476) 0:83 (:5) 0:98 3:11 3:36�

1
8 ; 0:4

�
10:35 5:14 7:03 1:53 7:22 8:84 3:56 (:33) 1:29 (:3) 1:18 4:92 7:31�

1
8 ; 0:2

�
10:10 7:51 9:61 1:5 10:24 9:8 3:56 (:33) 1:29 (:3) 1:18 6:89 9:38�

1
8 ;

1
8

�
10:17 10:47 9:98 1:83 13:23 10:81 4:57 (:3) 1 (:3) 1:21 9:79 11:85

(Rb; Rg)
(3; 0:5) 1:27 1:74 2:37 1:27 2:26 2:36 1 (0:5) 1 (0:5) 0:96 1:73 2:17
(5; 0:5) 1:93 1:99 2:12 1:32 2:48 2:84 1 (0:5) 1 (0:5) 1:07 1:88 2:29
(10; 0:5) 3:05 2:0 2:39 1:58 2:53 3:18 1 (0:5) 1 (0:5) 1:27 2:26 2:78
(10; 0:75) 3:06 2:27 3:32 1:72 3:17 2:86 1 (0:5) 1 (0:5) 1:26 2:27 3:16
(10; 1) 2:97 2:25 11:69 1:59 2:81 3:33 1 (0:5) 1 (0:5) 1:24 2:27 3:15
(100; 0:5) 31:03 13:49 19:34 10:4 18:73 19:0 1 (0:5) 1 (0:5) 8:8 15:71 19:48
(100; 1:5) 22:48 16:49 468 11:5 20:35 28:91 1 (0:5) 1 (0:5) 8:16 15:94 94:35


